It is commonly accepted that if a quantum system interacts with a large environment, then at large times its reduced density matrix almost always coincide with the canonical density matrix. The latter is thought not to depend on the initial state of the system but rather to be defined solely by the state of the environment (by its temperature in the simplest case). In this Letter we argue that this is not always the case. In particular we find that if a system and an environment are described by Hilbert spaces of finite dimensions, then the time-averaged density matrix of the system depends on the initial state of the system. We pay a special attention to the extreme case of a system consisting of one spin 1/2. Both an analytical study and numerical calculations support our conclusion.
Introduction
Consider a quantum system (with Hilbert space S), which interacts with a quantum environment (with Hilbert space E). In this Letter we assume that both the system an the environment are finite in the sense that d S ≡ dim S < ∞ and d E ≡ dim E < ∞. Also we assume that the environment is much larger than the system, d E ≫ d S . The total Hamiltonian of the composite closed system (with Hilbert space H = S ⊗ E) may be written asĤ =Ĥ S +Ĥ E +V ,
H S ,Ĥ E andV being the self-Hamiltonians and the interaction Hamiltonian correspondingly. The usage of superscripts and subscripts S, E here and in what follows is selfexplanatory.
The state of the combined system H may be described by a state vector Ψ or by a density matrixρ. The states of System S and Environment E are described by the reduced density matricesρ
What can we say about the long-time behavior ofρ S (t)? This is a central questions of statistical mechanics. A habitual answer is the following: at long timesρ S (t) approaches some equilibrium density matrix, which does not depend on the initial state of a system, ρ S (0), but depends on the state of the environment. If the latter is by itself in thermal equilibrium with the inverse temperature β, and the interaction is small compared to the self-Hamiltonians, then one naively expects thatρ S (t) converges in some reasonable sense 1 to a Gibbs distribution:ρ
In the recent decade significant effort was made to justify this conjecture on the basis of quantum mechanics. The main line of reasoning (see, for example, [1] - [4] ) may be briefly summarized as follows. Consider an energy shell in H. If the initial state of the combined closed system belongs to the energy shell, then the hole trajectory Ψ(t) also belongs to it. If the environment is large, then the dimensionality of the energy shell is also large. In this case it may be mathematically proved that tr E |Ψ Ψ| ≃ tr E |Ψ ′ Ψ ′ | for almost every pair Ψ, Ψ ′ from the energy shell. Due to this key observation it is natural to assume that tr E |Ψ(t) Ψ(t)| for almost every t is close to the average value of tr E |Ψ Ψ|. Averaging of tr E |Ψ Ψ| over the energy shell leads to the Gibbs density matrix e −βĤ S /tr(e −βĤ S ). Although this arguments provide an important insight into the problem, they can not be regarded as the complete proof of eq.(3). Their validity explicitly or implicitly depends on the level of the entanglement introduced by the interactionV . Indeed, a trivial counter-example to eq.(3) arises when one takesV = 0. In this case if one starts from the factorizable state of the combined system,
then the evolution ofρ S (t) is governed solely by the self-HamiltonianĤ S and therefore has nothing to do with approaching to the thermal equilibrium.
A somewhat less trivial counter-example may be found if one takes the interaction energy to be much smaller than the typical energy level spacing of the environment, although not exactly zero:
In this case perturbation theory may be used to find the eigenstates and eigenvalues of the total HamiltonianĤ starting from those of the free HamiltonianĤ S +Ĥ E . This allows to straightforwardly show that the thermalization does not occur.
In this Letter we provide one more counter-example, rather unexpected one. We argue that if both a system and an environment are finite, then the long-time average ofρ S (t) depends on the initial state of the environment. A general expression describing such dependance is derived. A specific case of spin 1/2 as a system is considered. The results of the numerical simulations in this case support our conclusion.
Analytical study
In what follows we take the initial state of the combined closed system to be a product state:
Any finite system returns to the arbitrarily small vicinity of its initial state infinitely many times. Therefore one can not expect that the limit lim t→∞ρ S (t) exists. The easiest way to avoid this problem is to consider a time-averaged density matrix,ρ
Our aim is to prove that at least for some initial states of the environmentρ S depends on ψ S . To see this let us calculate theρ S averaged over all states of the environment:
Here {ψ E l } in a basis in E (say, an eigenbasis forĤ E ), andρ S is regarded as a functional on E. If we prove that ρ S E depends on ψ S , this would mean that some ofρ S also depend on ψ S . If the spectrum ofĤ is non-degenerate which we assume in what follows for simplicity, thenρ
Here
and {Ψ n } is an eigenbasis forĤ. One may notice that
and therefore
This is the main result of the paper. One can see that ρ S E depends on ψ S , which means that the system does not "forget" its initial state on arbitrarily long times.
Eq.(13) may be further evaluated in the case when the system is represented by one spin 1/2. In this caseρ S may be parameterized by a polarization vector p :
Figure 1: Energy spectrum of the total HamiltonianĤ
One can get from eq.(13)
where p E , p n and p 0 correspond to ρ S E ,ρ S n and |ψ S ψ S | accordingly. The numerical analysis of this expression is presented in the next section.
Numerical results
Consider a central spin coupled to N spins which form a spin chain:
HereP c i is an operator which exchanges the state of a central spin and a state of a chain spin number i, andP i i+1 exchanges the states of neighbor spins in a chain. For the numerical calculation we take N = 7, ω = 1, ǫ = 0.1, ǫ 2 = 0.02 (note that d E = 128). The spectrum and p nz are plotted in Fig.1 and Fig.2 correspondingly. p nx and p ny are negligible, which is expectable in the weak coupling regime [5] . Taking this into account one can write
Thus p z E depends on the initial polarization vector linearly, the coefficient being equal
nz . For our choice of parameters we find κ = 0.27. We have also calculated the long-time average of the polarization vector for specific initial states of the environment (without averaging over ψ E ). As no surprise, it also depends on the initial polarization vector. This dependance is shown in Fig.3 for the coldest initial state of the environment (when all environmental spins are in the "spindown" state). We find that the hotter is the environment, the weaker is the dependance.
